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We review the recent developments in obtaining accelerating cosmologies and/or inflation 
from higher-dimensional gravitational theories, in particular superstring theories in ten 
dimensions and M-theory in eleven dimensions. We first discuss why it is difficult to 
obtain inflationary behavior in the effective low-energy theories of superstring/M-theory, 
i. e. supergravity theories. We then summarize interesting solutions including S-branes 
that give rise to accelerating cosmologies and inflationary solutions in M-theory with 
higher order corrections. Other approaches to inflation in the string context are also 
briefly discussed. 
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1. Introduction 

Our universe is believed to have undergone an inflationary evolution in the early 
epoch. Why is this so? The reason is that this mechanism naturally explains the 
following major questions in the current cosmology: 1,2 

• Horizon problem: Why is the early universe so highly homogeneous beyond 
causally connected regions? 

• Flatness problem: Why does the present universe appear so extremely flat? 

In fact the recent cosmological observation seems to confirm its existence. 3 Not 
only that, it is discovered that the present universe still expands with acceleration 
(late-time acceleration). It is not difficult to construct cosmological models with 
these features in the Einstein gravity by suitable modifications. For example, if one 
introduces a positive cosmological constant, it is possible to get de Sitter expansion 
of exponential type. A scalar field with positive potential can also be used for this 
purpose. Also it has been pointed out that higher order curvature terms can do 
similar job. 4 

However it is desirable to derive such a model from the fundamental theories of 
particle physics that incorporate gravity without making special assumptions in the 
theories. Any theory that claims to be the correct theory of gravity must explain 
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these accelerating cosmologies as well as inflation. The most plausible candidate for 
the consistent theory of quantum gravity is superstrings or M-theory. So it is very 
important to see how one can get a good model from these theories. 

When one tries to consider this problem in string theory, one is faced with 
various problems. First of all, string theories on time-dependent backgrounds are 
notoriously difficult to deal with. Attempts in this direction are made in Refs. 5 and 
6 using the simplest orbifolds, and cosmological implications are studied. Other ap- 
proaches to strings on time-dependent backgrounds include Refs. 7, 8. This subject 
is reviewed in Ref. 9. However, it is rather difficult to discuss other time-dependent 
backgrounds in the context of quantum string theories. So it is more practical to 
approach the problem using the low-energy effective supergravities. 

Even within the supergravities, as we shall first summarize in the next section, 
there is a no-go theorem that de Sitter solutions with accelerating expansion arc 
not obtained at the stationary minima in superstring or supergravity theories. We 
must somehow try to evade this theorem by relaxing some assumptions involved 
in the proof of the theorem. Several attempts in this direction are well reviewed in 
Refs. 10 and 11, and the present paper also summarizes various proposals, focus- 
ing mainly on time-dependent solutions to the (generalized) Einstein equations in 
higher-dimensional supergravities. 12, 13, 14, 15 ' 16 

In the string theory, there are important extended objects called branes. Many 
of the proposals to derive inflation in the string context make use of these extended 
objects. In this approach, one considers that our world exists on such branes. We 
shall not discuss this subject much since such attempts to derive inflation or alter- 
natives to inflation from the dynamics of branes are nicely summarized in Ref. 17. 

This review is organized as follows. In the next section, we start with sum- 
marizing the no-go theorem that claims that de Sitter solutions are impossible in 
supergravity theories, and assumptions involved in the proof. This clarifies what 
kind of approaches enable us to evade the no-go theorem. 

In Sec. 3, we first show that relaxing one of the conditions in the proof of the 
no-go theorem, we can get time-dependent solutions to vacuum Einstein equation 
in higher dimensions that give accelerating cosmology. 

In Sec. 4, we show that this class of solutions are actually special cases of what 
are known as S-brane solutions in supergravity. We first summarize the solutions in 
Sec. 4.1, discuss the relation to the vacuum solution in Sec. 4.2, study cosmological 
aspects of the S-brane solutions in Sec. 4.3 and show that one cannot in general 
obtain e-folding large enough to solve the cosmological problems mentioned above. 
We also discuss related solutions in type II superstrings in Sec. 4.4, and give intuitive 
understanding of the basic mechanism of the accelerating behavior of the solutions 
and why it is difficult to obtain large e-folding number in these models in Sec. 4.5. 
This leads us to search for other solutions with larger e-foldings. 

In Sec. 5, we discuss an attempt to obtain larger e-foldings in this context, with 
eternal expansion by considering hyperbolic spaces both for external and internal 
spaces. This class of solutions may be useful as a models for the present accelerating 
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cosmology. 

The generic feature of the higher dimensional gravitational theories is that they 
give scalar field theories coupled to gravity in the four-dimensional point of view. In 
Sec. 6, we summarize cosmological solutions in the theories with single scalar field 
with exponential potential and classify possible solutions. The case of multi-scalars 
is much more difficult and we only refer to references discussing various theories of 
this type. 

In Sec. 7, we consider another approach that avoids the no-go theorem by con- 
sidering higher order corrections to the low-energy effective theories of M-theory. 
The corrections are given as a special combination of R 4 terms of Lovelock type 
(eight-dimensional Euler density) and specific terms containing higher derivatives. 
The basic equations for the theory are relegated to Appendix. We discuss solutions 
in the system in Sec. 7.1, study their stability in Sec. 7.2 and give possible scenario 
that can be obtained within these solutions in Sec. 7.3. 

In Sec. 8, other approaches to accelerating universe are briefly summarized. 

Finally in Sec. 9, we conclude with the summary of the results reviewed in this 
paper and outlook. 



2. No-go theorem 

The Einstein equation provide the following equations: 

Raychaudhuri eq.: — = — (p + 3P), (1) 

CI O 

_ . , fa\ 2 k 8ttG 

Incdmann cq.: - H ^ = p, (2) 

\a/ a z 3 

for the energy density p and pressure P. The weak energy condition requires that 

P > 0. (3) 

In order to get inflation a > 0, p + 3P must be negative (w = ^ < — |), which 
means anti-gravitation or gravitational repulsion. This sounds physically nonsensi- 
cal, but this is possible under some circumstances. A famous example is the positive 
cosmological constant, which gives 

p = A, P = -A, (4) 

so that indeed we have p + 3P = — 2A < 0, giving repulsion. Since we have 

p + 3P = 2(T 00 - | 9 ooT A a) = ^^oo, (5) 
Raychaudhuri equation reduces to 

'a - (6) 
So in order to have inflation, we must have i?oo < 0, i. e. strong energy condition 
must be violated. 18 
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However it is not violated by eleven-dimensional supergravities or any ten- 
dimensional supergravity theories corresponding to the low-energy effective theories 
for M/superstring theories. Moreover, if the higher-dimensional stress tensor satis- 
fies the strong energy condition, then so does the lower-dimensional stress tensor. 
All of this implies that solutions of accelerated expansion are impossible in super- 
gravities as the low-energy effective theories of M/superstrings. Another and more 
detailed argument for this no-go theorem is given below. 

2.1. Assumptions 

We consider D(> 2)-dimensional gravity, which is compactificd on d dimensions. 19 
D-dimensional indices are denoted by M,N,L, . . . whereas <i-dimensional ones by 
u,i/,p,... and the rest by m, n,l,. . .. 
We assume the following: 

(1) Gravitational interactions involve no higher derivative terms. 

(2) Potential is not positive definite. 

(3) All the massless fields in the theory have positive kinetic terms. 

(4) d-dimensional Newton constant is finite. 

These are the assumptions in proving the no-go theorem. The second point 
may appear strange, so let us explain why this is natural. Take the metric of our 
D-dimensional space as 

ds^e-^fdsl + e^dHl_ d ^ (7) 

where a denotes the sign of the curvature of the internal space. This is chosen such 
that the resulting <i-dimcnsional theory involves the ordinary Einstein term without 
multiplicative factors. This is known as the Einstein frame in d dimensions. Sub- 
stituting (7) into the Einstein action, we get the effective potential in d dimensions 
(see Sec. 4.5): 

Usually the internal space is chosen to be compact space with positive curvature 
a = +1, which means that the potential is negative. The potential minimum is 
with the field value at infinity for e = — 1 and for any value of field for e = 0. With 
the presence of matter fields, the minima always take zero or negative values, giving 
Minkowski or anti-de Sitter spaces. This is probably closely related to the fact that 
supersymmetry is possible only in flat Minkowski or anti-de Sitter spaces but not 
in de Sitter space. 

2.2. Proof 

We write D-dimensional Einstein equation: 

Rmn = T M n — 7: — t,9mnT l ' l , (9) 



V 



\u - a (u — a — i) 
-a cxp 
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and the metric 

ds 2 = n 2 {y){dx 2 d + g mn dy m dy n ), (10) 

where the first line element dx 2 , = ^^dx^dx" denotes Minkowski or de Sitter space. 
From the Einstein equation (9), we have 

= JWO ~ ^(V 2 logfi + (D - 2)(Vlogfl) 2 ) 

= t, v - ^L_ n ^T L L , (ii) 

where the hat means that the contraction is made by g mn . Contracted with 
Eq. (11) gives 

R(0-d(v 2 io g n + (D-2)(vio g n) 2 ) = (T%-^L-T L L )n 2 , (12) 

and hence 

V 2 log + (D - 2)(V log f!) 2 = - d [R{£) + Q 2 ( - T% + ^-^T L L )] , (13) 

where the energy-momentum tensors on the rhs are contracted with the D-dimensional 
metric. If we define 

d 

D~2~ 

this is non-negative. This can be verified as follows. If we have potential V for 
matter fields, we have Tmn ~ —VgMN and so 

f = Vd — DV = —V>0, (15) 

D-2 D-2 ~ ' v ' 

where the last equality follows from our assumption (2). If we have n-form fields, 
the energy momentum tensor takes the form 

Tmn = FML 1 ---L n - 1 FN Ll "' Ln ~ 1 ~ -^9mnF'' l , (16) 
which gives T% = F AlLl ... Lri _ 1 F^ il - i — 1 - ^F 2 . Hence 

T = -F ilLl ... Ln _ 1 F^- L — + -r^rfl - -)f 2 . (17) 

D — 2 V nl 

Here all the indices to F belong to the internal space, or if n > d to all the d 
dimensions and part of internal space (otherwise the isometry of R d or dS d is 
broken). They separately contribute to T. In the former case, F 2 > 0. It follows 
from (17) that f > for n > 1 and f = for n = 1. In the latter case, F 2 < and 
F flLl -L n _ 1 F' lLl - L "- 1 = %F 2 . It again follows 



-T% + ^^T L L , (14) 



d d / 1\ 
n + D-2\ ~n) 



F 2 



d(D-2-n+l) , , x 

■- i ; r -F > 0. 18 

n{D-2) ~ V ; 
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Consequently we have in general 



T > 0. 



(19) 



Combined with Eq. (13) and the assumption that our d-dimensional space is Minkowski 
or de Sitter with non-negative scalar curvature, this means that 



The equality is true only for Minkowski space. Integrating this over our internal 
space, we get 



where we have made partial integration. The lhs is a positive-semi-dcfinitc quantity 
so that this is valid only if f2 is constant and the equality holds. This implies that the 
rhs of (13) vanishes and hence de Sitter space is not allowed since the second term is 
positive. Note that at this last step, we have assumed that there is no contribution 
from surface terms upon partial integration. If the manifold has (singular) boundary 
which produces surface contributions, the no-go theorem breaks down. 

2.3. How to avoid the theorem 

Given the confirmation of the accelerated expansion of our universe both at early 
time and present, 3 we have to find out how this no-go theorem may be evaded. 
This can be done if various assumptions, implicit and explicit, are relaxed. Here 
are some possibilities. 

• It is assumed that the size of the internal space is time- independent. We can 
try to introduce the time-dependence of the internal space. 

• We can consider higher-derivative "quantum correction" terms which are known 
to exist in M-theory and superstrings. 

• We give up the compact and smooth condition on the internal space without 
boundary. 

The first possibility leads to the recent progress using time-dependent solutions, 
and this approach is discussed in detail in this paper. The result is that interesting 
solutions are obtained, but the expansion is not enough for the inflation at early 
universe. However it may be useful for the present accelerating expansion though 
there remain some problems to be overcome to achieve this. 

Alternatively, we can consider higher-derivative "quantum correction" terms 
which arc known to exist in M-theory and superstrings. We shall show that indeed 
this possibility leads to a very promising direction of achieving inflation. 

If, however, we accept supergravities without such higher order corrections, 
then we must give up the compact and/or no-boundary condition on the internal 
space, but this would lead to continuous spectrum in four dimensions, which is 
not desirable. Compact space with boundary is likely to suffer from nonresolvable 
singularities. This possibility is not explored in this paper. 



• D - 2 v 2 n D - 2 



> o. 



(20) 




(21) 
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3. Accelerating Cosmology from Vacuum Einstein Equation 

The first example of accelerating cosmology in the context of higher-dimensional 
(super)gravity was obtained simply as a solution to the vacuum Einstein equa- 
tion but with hyperbolic internal space. 12 (The use and relevance of the compact 
hyperbolic manifolds for the internal space was first noted in Ref. 20. Similar time- 
dependent solutions for flat internal space were discussed earlier in Ref. 21.) 
It is convenient to write the (4 + n)-dimensional solution as 

ds 2 = <T" (t)ds| + S 2 (t)dY? n>a , (22) 

where n is the dimension of the internal spherical (a = +1), flat (a = 0) or hyper- 
bolic (<7 = —1) spaces, whose line elements are cE 2 i(T , and 

ds% = -S 6 (t)dt 2 + S 2 (t)dx 2 , (23) 

describes the 4-dimensional spacetime. The form of (22) is chosen such that the 
metrics in (23) are in the Einstein frame. The solution is given as 



6{t) = e 



-3t/(n-l) ( y/3(n + 2)/n 



(n - 1) sinh( x /3(n + 2)/n \t\) 



S(t) = e -(»+ 2 )*/2(«-i) ( V3(n + 2)/n \ 

\(n-l)smh(y/3(n + 2)/n\t\) J 

with hyperbolic internal space. 

If we take the time coordinate 77 defined by 

di] = S 3 (t)dt, (25) 

the metric (23) describes a flat homogeneous isotropic universe with scale factor 
S(t), and S(t) gives the measure of the size of internal space. The condition for 
expanding 4-dimensional universe is that 

Accelerated expansion is obtained if, in addition, 

cPS 
dr] 



2 > 0. (27) 



It has been shown that these can be satisfied for n = 7 and for certain period of 
negative t (with the convention t\ = 0) which is the period that our universe is 
evolving (t < and t > are two disjoint possible universes). 12 We note that in 
these solutions, accelerated expansion is obtained only for the hyperbolic internal 
space; this property is lost for flat or compact internal spaces. We shall show that 
this problem is circumvented by solutions with flux, known as S-brane solutions. 
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4. Accelerated Cosmologies from S-branes 

The solution in the previous section can be obtained from the S-brane solutions in 
supcrgravities. 13 S-branes are time-dependent solutions in supergravities, originally 
considered in connection with tachyon condensation and c J eca y. 22 ^ 23 ^ 4 ^ 5 ^6,27,28 



4.1. S-branes in supergravities 



Let us consider the D-dimcnsional gravity coupled to a dilaton <p and m different 
n^-form field strengths: 



R-\{d4>? 



l 



^ 2n A \' 



,a,A<t> p2 



(28) 



A=l 

This action describes the bosonic part of D = 11 or D = 10 supergravities; we 
simply drop (f> and put a a = and n A = 4 for D = 11, whereas we set a a = — 1 for 
the NS-NS 3-form and a A = ^(5 — ua) for forms coming from the R-R sector. The 
field strength for an electrically charged Sg-branc is given by 



Fta t --a q+1 — e ai -. aq+1 E, (tia — q + 2), 



(29) 



where a\, 



_i stand for the tangential directions to the Sg-brane. The mag- 



netic case is given by 



'-9 



= e -o^ e ta 9+2 -a p ai-a„^ (n A = D - q - 2) (30) 



where ai, • • • , a n denote the coordinates of the n-dimensional hypersurface £„ l0 -. 

In Ref. 23 a single S-brane solution was given, and in Ref. 25 general orthogonally 
intersecting solutions were derived by solving field equations. Solutions restricted 
to a single Sg-brane with (q + l)-dimensional world- volume in p-dimensional space 
are (hereafter the subscript A is not necessary and is dropped) 



ds D — [coshc(t — t2)Y 



2c t+2c. 



o{-e 2n ^dt 2 + e 29 ^dT,l a } 



p 

+ Y [cosh5(i - i 2 )]- 2 ^ e 2£ °* +2c ° (dx a ) 2 



(31) 



E 



2(_D — 2) e'f^^)-™^/^^, < 



A 

(D - 2)ea 



coshc(i — i 2 ) 
In cosh c(i - t 2 ) + C0t + c'm, 



(32) 



where D = p + n + 1 and e = +1(— 1) corresponds to electric (magnetic) fields. 
The coordinates x a ,(a — l,...,p) parametrize the p-dimensional space, within 
which (g+l)-dimensional world- volume of Sg-branc is embedded, and the remaining 
coordinates of the D-dimcnsional spacetime are the time t and coordinates on 
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compact n-dimensional spherical (cr = +1), flat (a = 0) or hyperbolic (a = — 1) 
spaces. We have also defined 

A = (q+l)(D-q-3) + ^a 2 (D-2) 7 

(a) = ( D -2 for f x a belonging to g-brane 
\ \ otherwise 



and 



5 (<) = <j ±/?(t-ti) :<7 = 0, (34) 

k n^T ln sinh[(n-l)/3|t-ti|] 1 °" = _1 > 

/?, ti, *2 and c's are integration constants which satisfy 

9 + 1- ELi c « / _. ELi c « 



^0 = — r— c — , c = - 

A n — 1 n — 1 

7 (a) -g~l - - (£>-2)6a . 

c Q = c Q — c, = H — c. (35) 



These must further obey the condition 



^T(E C ") +E4 + ^ = n(n-l)/3 2 . (36) 

The free parameters in our solutions are c a , c' a {a = 1, • • • ,p), c<f,, c^, ii and £2- The 
time derivative of E gives the field strengths of antisymmetric tensor and in our 
convention they are given as 



e a<P *p 

F 



| = C ^ 2(£> A 2 \ -^^ q c' a +eac'^2 dx a q+2 A . . . A ^ A Vol(E„ ltr ),(37) 

for electric (first line) and magnetic (second line) fields, where Vol(S„ ;(J ) is the unit 
volume form of the hypersurface S„ j(T and * represents dual. We can check that 

2{D A 2) = 1 for SM- and SD-branes. 

For the general S2-brane obtained from the solution (31) by putting p = q+ 1 = 
3, c = Ci = c 2 = c 3 , c' = c[ = c' 2 = c' 3 , we find that it takes the form (22) and (23) 
with 

S(t) = [coshc(t - t2 )f/^ e g{t)+c t+c' a ^ 

S(t) = [cOsh C (i - i 2 )](™+2)/2A e ™ 3 ( t )/2+( n+ 2)(c 0t +4)/6 ; (gg) 



where 



- o 1 3. 3 , 3 , 

c = dc--c <p ea, c = — c -c, c = -c , 

2 A n — 1 n—l 



i(n- l) 2 ' 2n{n-\) 
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4.2. Vacuum solution 

The relation between c and c a and in Eq. (32) is derived 25 under the assumption 
that we have the independent field strengths F. In the absence of these, we can 
disregard this relation and set c to zero. It is then easy to see that the solution (31) 
reproduces (22)- (24) forp = q + 1 = 3,er = — l,c = l,c' = without dilaton 
(c^ = 0). The scale factor is simply (38) with c = which coincides with (24). 
The condition of the expansion (26) for the vacuum solution (24) is 12 



«!(*) EE 1 ^ JlL co th C(t - t!)j > 0, (40) 

where we have also included parameters c, c' and t\. The condition (27) gives 

2 ^""^ n 2 (t)>0. (41) 

(n + 2) sinh 2 [y/3(n + 2) /n c(t - h)} 

The parameter ti and c can be absorbed into the shift and rescaling of the time t. 
Hence without loss of generality, we can set t\ = and c = 1 (changing c gives the 
change in the scale of time). There is a singularity in S(t) at t = 0, but the time r\ 
run from to infinity while t runs from — oo to 0, which is an infinite future for any 
event with t < and hence the evolution of our universe can be restricted to t < 0. 

We find for n = 7 that there is a certain period of negative time that the 
conditions (40) and (41) are satisfied. 12 The period of the accelerated expansion 
can be adjusted by changing the constant c, but this does not affect the resulting 
expansion factor. The scale factor vanishes in the infinite past, but diverges in the 
infinite future. 

The expansion factor A during the accelerated expansion is given by the ratio of 
S(t) at the starting time Ti and ending time T 2 of the acceleration. The expansion 
factor, which does not change if the constant c is changed, is found to be 

a = s M)^ 2m - (42) 

This value is too small to explain the cosmological problems. Note that there is no 
parameter to improve A here. 

The behavior of the size of the internal space is also examined. When the ac- 
celeration starts, S(t) shrinks but eventually starts expanding, and the ratio of the 
sizes during the accelerated expansion is 2.18. As observed for SM2-brane case, 29 
there is no stable point in the size of the internal space, and in the infinite future 
and past its size goes to infinity. This seems to be the common problem in the 
hyperbolic compactification. 30 We shall find this behavior in other cases. 

Other internal spaces are also examined, but without any adjustable parameter 
it is found that neither flat nor spherical spaces give accelerating cosmologies as long 
as the vacuum Einstein equation is considered. 13 Product spaces for the internal 
spaces are also examined, and suggestion for large e-foldings is given. 31 However, 
there has not been given any concrete model with large e-folding. Generalization 
to other dimensions is also considered in Rcf. 32. 
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4.3. SM2-brane 

The SM2-branc in M-theory can be obtained from (31) by putting p = q + 1 = 
3, e = +1, a = 0, = without dilaton and A = 3(n — 1). We also put c = c\ = 

c 2 = c,3,c' = c[ = c 2 = c 3 and then j3 = ^j\f^%^ c is determined from (36). 
The solution (31) then gives 



ds d — [cosh3c(i — £2)] 



2/(n-l) 



e 2ng(t)-6c'/(n-l) dt 2 + e 2g(t)-6c' /(n-1) ^ 



+ [cosh3c(t - t 2 )]- 2 ("+ 2 )/ 3 ("- 1 )e 2c 'dx 2 



(43) 



This is the universe (22) and (23) with 

S(t) = [cosh3c{t-t 2 )} 1 ^ n - 1 ^e s ^- 3c '^ n - 1 \ 

S(t) = [C0sh3c(i - f 2 )](™+2)/6(n-l) e n S (t)/2-(n + 2)c'/2(n-l)_ (44) 

We now discuss three internal spaces (34) separately. 



4.3.1. Hyperbolic internal space 

The conditions (26) and (27) for n = 7 of our interest and hyperbolic internal space 
a = — 1 are (again shifting the time to set t x = 0) 




3 /21 

- tanh[3c(t - t 2 )} - ^j- coth(3v/377ci) > 0, (45) 

-n 2 (t)>0. (46) 



Here we can again consider that our universe evolves only for t < 0. The quali- 
tative behaviors of the left hand side of these Eqs. for c = 1 and t 2 = arc similar 
to those in the previous S-brane case, and we again find that there is a certain 
period of negative time that these conditions are satisfied. 13 

The expansion factor is found to be 29,13 

A ~ 2.17, (47) 

which is too small to explain the cosmological problems. However, here is a param- 
eter t2 in contrast to the vacuum solution, whose effect is examined. It is found 
that the typical behavior for positive t 2 is basically the same as t 2 = case, but the 
period of the accelerated expansion changes slightly. For example, for t 2 = 1, we 
find the value of the expansion factor during the accelerated expansion improves: 

A ~ 3.13. (48) 

This is still not enough improvement for cosmological applications. Increasing the 
value of ti does not affect the numerical value of A much. The behavior for negative 
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t 2 is also basically the same, but the expansion factor is worse; one typically gets 
A ~ 1.4. 

The behavior of the size of the internal space for t 2 = is also similar. As 
observed in Ref. 29 there is no stable point in the size of the internal space, and 
in the infinite future its size goes to infinity. There is no significant change in this 
behavior if we change the parameter t 2 . 



4.3.2. Flat internal space 

The conditions (26) and (27) for n — 7 and fiat internal space a = are 



3 v21 
n 3 (t) = -tanh[3c(t-t 2 )] + > 0, (49) 

5—^ nl(t)>0, (50) 

8cosh 2 [3c(i-i 2 )] 3W V ; 

where we have chosen the plus sign in Eq. (34) since minus sign cannot give ex- 
panding universe. 

Here since S(t) does not have any singularity and is positive, the time t runs 
from — oo to +oo while the time n runs from to +oo monotonously. The left hand 
side of these Eqs. for c = 1 and t 2 = arc examined and we again find that there 
is a certain period of negative time that these conditions are satisfied. 13 

The expansion factor in this case is found to be 

A ~ 1.35, (51) 

which is again too small to explain the cosmological problems. The conditions (49) 
and (50) depend only on t — t 2 , so changing t 2 simply shifts the evolution of the 
spacetime and does not give any difference. 

The behavior of the size of the internal space is also similar. There is no stable 
point in the size of the internal space, and in the infinite future its size goes to 
infinity. 



4.3.3. Spherical internal space 

The conditions (26) and (27) for n = 7 and spherical internal space a = +1 arc 
(again shifting the time to set t\ = 0) 

3 \l 2 1 

n 4 (t) = - tanh[3c(t - t 2 )} - ^- tanh(3y377 ct) > 0, (52) 

9 / 1 1 

8 ^ cosh 2 [3c(i - t 2 )} cosh 2 (3 ^/J/7 ct) 

The time ranges of rj and t are the same as the flat internal space. It was first thought 
that there is no period of accelerated expansion. However when the parameter t 2 is 
changed, the results change. For c = 1 and t 2 = —1, wc find that there is a certain 
period of negative time that the conditions (52) and (53) are satisfied, though the 



nj(t) > 0. 



(53) 
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universe begin contraction after some positive time. The scale factor S(t) in (44) 
contracts on both ends t — > ±oo. The expansion factor is 

A ~ 1.35, (54) 

which is again too small to explain the cosmological problems. We have also checked 
that the typical behavior for negative ti is again basically the same as t 2 = — 1 case, 
but the period of the accelerated expansion and the value of the expansion factor 
during the accelerated expansion change. 

A different behavior is observed for positive t 2 . We find the acceleration occurs 
while the universe is already contracting for t > 0. There is no stable point in the 
size of the internal space, and in the infinite future its size goes to infinity. There 
is no significant change in this behavior if we further change the parameter i 2 - 

The value of the expansion factor during the accelerated expansion in all these 
solutions are so small that they cannot give inflationary models at the early epoch. 
How about the present accelerating cosmology? The size of the internal space of 
these models is examined in Ref. 33 and it was concluded that it is too large to give 
a four-dimensional model of the present accelerating universe. Thus we would need 
some mechanism to keep the size of the internal space small, or consider a kind 
of warp factors to render the large extra dimensions harmless. 3 It is desirable to 
find modification of these solutions without invoking some special objects, which 
need further explanation why it is natural to consider such objects. Such approach 
would be similar to introducing scalar field with suitable potential, and in a sense 
contradicts our spirit to use our fundamental theory. We hope to derive an acceler- 
ating cosmologies in a well-defined setting without the need of further explanation, 
and this problem of stabilization of the size of the internal space is a subject left 
for future study. 

4.4. SD2-brane 

In this section, we discuss accelerating cosmologies from SD2-brane. 13 ' 35 

We first show how the SD2-brane can be obtained by dimensional reduction 
from SM2-branes. 13 Though it is possible to examine general dimensions, we restrict 
ourselves to D = 11 here. 

The ten-dimensional metric in the string frame is obtained from the eleven- 
dimensional one by the relation 36 

ds 2 n = e- 2(/,/3 ds 2 10s + e i(l,/3 dx 2 w . (55) 

In our solutions (31), we consider SM2-brane by taking q = 2, but we set p = 4 with 
one extra coordinate outside SM2-brane, in which direction we make dimensional 
reduction. We choose xi,x 2 ,x 3 to be the SD2-brane world- volume and X4 the di- 
rection of dimensional reduction. We further set c = c\ = c 2 = c 3 , d = d 1 = d 2 = d 3 
but leave C4 and d 4 arbitrary. There is no dilaton which comes from the metric 
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as (55) upon dimensional reduction, and we put a = = 0. This gives 

1 3 3 

4> = -ln[cosh3c(t-f 2 )] + -(c + 2c 4 )t + -c' 4 , 



ds 2 10s =e 2 ^ 3 [cosh3c(t-i 2 )] 1 / 3 



e -(c+2c 4 )t/5-2(3c'+4)/5 |_ e 12 3 (t)^2 + ^(0^2 



+ [cosh3c(t-t 2 )] _1 e 2c 'rfx 2 
In the Einstein frame ds 2 Q E — e~^^ 2 ds 2 , this reduces to 



(56) 



ds w.E = [cosh3c(t - i 2 )] 3/8 



e -3(c+2c4)t/40-3(8c'+ci)/20 |_ e 12g(t) df 2 + e 2<j(t) dS 2 ^ j 



+ [cosh3c(t - £ 2 )]-yc+2c4)t/8 + (8c' + 4)/4 rfx 2 



(57) 



The scale factor 5(t) and <$(i) are given as 

6{t) = [cosh(16a/5)(t-t 2 )] 3/16 e 9(t) - 3cit/64 - 3£ ' /4 , 

S(t) = [cosh(16a/5)(t - t 2 )]i/4 e 3 fl (t)-c 1 t/i6-c' ) ( 58 ) 

1 15 

= - In[cosh(16a/5)(t - t 2 )] + — cit + c' , 

where we have also put 

S' = ^T^, ^ = §4 (59) 

On the other hand, if we consider the SD2-brane with D = 10, q = 2,p = 3, n = 
6, a = i, e = +1 in Eq. (31), we get precisely (58) with different parametrization. 
Continuing this reduction, one should leave the constants c a arbitrary in order to 
get general lower-dimensional solutions. 

The scale factors (58) almost coincide with those for SM2-brane in (44) if we 
choose n = 6, though the power of the cosh is slightly different and there is an 
additional c\t term in the exponent. However, the difference is small and one may 
expect that qualitative features remain the same. In fact this is explicitly confirmed 
in Ref. 13. 

One potential subtlety in this picture of SD2-brane is that the string coupling is 
given by the dilaton as e^, and it may diverge for the solution (58) for certain range 
of parameters. If this happens, quantum effects dominate and we cannot simply 
trust the result. This can be avoided for hyperbolic internal space but it becomes 
more serious problem for other internal space. For instance, for flat internal space 
it is found that the dilaton (58) always gives strong string coupling somewhere for 
large \t\ whatever the choice of the parameters are, and it is not clear if this classical 
analysis is valid. The strong coupling limit is the one in which eleventh dimension 
becomes large. 37 This case is better described in the SM2-branc picture, with large 
eleventh dimension. This is what we have already analyzed in the preceding section. 
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4.5. Intuitive approach using effective four- dimensional potential 

So far we have seen that the accelerating behavior is possible for time-dependent 
internal space, and this is possible only for the hyperbolic internal space for vac- 
uum solution, but it is found that S-brane solutions give this behavior for flat and 
compact spaces. Why is this so? In fact, there is a very intuitive way to understand 
this, using the effective four-dimensional potential. 38 

Let us consider the product space of (i-dimensional universe and Mi x M 2 x M 3 
with dimensions mi, m 2 , m 3 and signatures of curvature oi, <T2, £73. Products of one 
or two spaces for extra dimensions can be obtained by setting m's to zero. The 
ansatz of the metric for the full spacetime is 

rf.s 2 = e 2 ^)^ + ]Te 2 ^)<St ii(7i , (60) 



where we have chosen the Einstein frame by setting 

= - "y]mj<f>i/{d - 2). 



(61) 



The kinetic terms for the scalars corresponding to the radii of each internal space 
in the effective theory are given by 



K 



P + P = m t (m t + rf-2) - 2 -A 
•>■ ~ ^ 2(d-2)a 2 Pi + ^ 



numi 



1 = 1 V ' «>J = 1 V ' 

They can be diagonalized and normalized by a field redefinition 

1 



00- 



d-2 
2a^~ • 



4>i = 

1p2 = 
1p3 = 

with the result 



'mi (mi + d — 2) 



d-2 



mi + d — 2 



(m 2 2 + ms4>s) 



1 m 2 (mi + m 2 + d — 2) 



mi + d — 2 



62 + 



m 3 



mi + m 2 + d — 2 



' m 3 (mi + m 2 + m 3 + d — 2) 
mi + m 2 + d — 2 



K 



d-2 



eo- 



2a 2 ' 

x - m t (m l - 1) y 



i=l 
3 



2M ia ip a 



CT - 



( d-2f 
2a 2 



where the matrix M ia is given by 



Mi, 



rn\-\-d—2 
{d-2)rn 1 



mi 

(d-2)(mi+d-2) 

mi 

(d-2)(mi+d-2) 



m 2 (wii+d-2) 



(mi+d-2)(mi+m 2 +d-2) 



(62) 



(63) 



(64) 
(65) 



.(66) 



m 1 +m 2 +m 3 +d— 2 . 
m 3 (mi+m2+(i— 2) / 
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To study the properties of the potential, it is more convenient to define new 
independent fields as 




m 3 (mi + m 2 + d - 2) 
and the effective potential (65) becomes 14 

m i {m l - 1) 



V 



cr - 



2a 2 



(68) 



Clearly the potential is unbounded if any one of the eVs is positive in that direc- 
tion and positive with minimum at infinity if the cr, is negative. The potentials for 
positive and negative ui are shown by solid lines in Fig. 1. However, if we add contri- 
butions from antisymmetric tensors, this is modified. For instance, the contribution 
of the 4-form field in eleven-dimensional supergravity is 

(d - l)(TOi(^i + m 2 (fi2 + TO3<£3)" 



AV 



b 2 



exp 



mi + m,2 + ms + d — 2 



(69) 



(d-l)ro, 



> 



where b is a constant. Now the potential is bounded from below if mi+m2+m3+d _ 2 
1 for the direction oi = +1, as shown by the dashed line in Fig. 1. (There is no 
requirement and no minimum in the direction = —1,0.) For d — 4, this is easily 
satisfied. In this case, there will be local minimum in the direction with cr,; = +1, 
but the potential minimum is always negative. 

Single internal space is discussed in Ref. 38, with only one scalar field <pi, d = 4 
and mi = n, ra 2 — — 0. Suppose that the field starts at a large value of f\ > 0, 




Fig. 1. Potential for scalar field for c = ±1 with b = (solid) and b ^ 0, a = +1 (dashed). 



with large negative velocity ipi. This is a phase of decelerated expansion. If the 
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kinetic energy of ipi is large enough, the field will run up the exponential potential 
hill at later time, and it will stop. Around this, the potential dominates and the 
universe is in the accelerating phase. Soon after this, the field starts rolling back 
down the hill and the universe gets back to the decelerating phase. 

It is clear that this behavior is obtained for the vacuum without flux (b = 0) 
only if e = — 1, namely for hyperbolic space, whereas it can be obtained for the S- 
brane solutions with flux for all kinds of internal spaces. This is the reason why this 
solution is obtained only for the hyperbolic internal space in Townsend-Wohlfarth 
solution. However, it is difficult to get big expansion even in the present case since 
the exponential potential is too steep to keep the field at the top for long time. 
This remains true if we take the internal space to be the product space. 14 In order 
to have big expansion, we should have local minimum at positive value, where our 
universe stays for a while and expands, and then decays to lower value. However 
the no-go theorem claims that there is no such minimum. 

It is also interesting that a potential with local minimum (though at negative 
value) is obtained in the Einstein gravity coupled to gauge fields, providing a mech- 
anism for stabilizing the size of extra dimensions. How to stabilize the size of extra 
dimensions is an issue no less important than obtaining inflation. This is a direction 
worthy of further exploration. 

Another interesting research direction is to try to obtain inflation in the present 
picture by introducing matter fields into the solutions. This could be done, for 
example, by considering D-branes in the solutions. Such solutions have recently 
been discussed in Ref. 39. Related models using D-branes are proposed 40 and have 
been extensively studied. Brane and anti-brane systems are also a focus of exten- 
sive study. 41 Such systems naturally contain tachyons which may drive accelerat- 
ing behavior. 42 Unfortunately it is pointed out that it is rather difficult to obtain 
inflation and it can occur only at super-Planckian densities where the effective 
four-dimensional field theory is not applicable. 43 

A scalar field with a positive potential which yields an accelerating universe has 
been named "quintessence" . 44 > 45 Supergravity models which exhibit such properties 
are discussed in Ref. 46, and rather systematic study of theories with a scalar with 
exponential potential and connection with gauged supergravities are presented in 
Ref. 47. Possible problems with this approach in the attempt at making sense of 
quantum theory of string theories are pointed out in Ref. 48. More exotic models 
with scalar fields with higher order kinetic terms (called "fc-essence") are shown 
to lead to power-law expansion, 9 but the problem with this approach is how to 
justify the existence of such a scalar field. 

5. Eternal Expansion 

Considering the difficulty in obtaining large e-foldings in the simple S-brane solu- 
tions, it is desirable to investigate whatever modifications to improve it. Here we 
present one interesting solution which exhibits eternal expansion. 14 
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5.1. An exact critical solution 

Let the higher-dimensional geometry be R x x H m . The metric ansatz is 

ds 2 = e -&Kt) (_ dt 2 + o(t) 2 ds 2 Hd) + JHt)^ . (70 ) 

The size of H m corresponds to a scalar field in the effective theory on R x H^. Here 



we 



write the (non-trivial) components of the Einstein tensor for arbitrary ctq, <J\. 



Goo — 

G X x — 

Gu = 



2^ ~ av 



i(m — 1) 



(d-l)(d-2) 



(71) 



A ■, 



m ( m ~ x ) e -2A0 (t) + (d-2)(d-3) / 2 + <7o \ + ^ _ ^3 
A -n (m — l)(m— 2) _2a 



2 r 2 



.(d-i)(d-2) / ga + g|\_ (d _ 1) a 

2 V (x J Q, 



r<^(*) 



(72) 



where A = 2 - ) . The metric on R x HLj-i x H m space takes the values (7q = 



(7i = — 1 . Putting ci = 4 and by a change of variable 

1 



ln(m(m — 1)), 



y m(m + 2) m + 2 
we write the Friedman equation and the wave equation for ip as 

3H 2 



2(m+2) 



^ + 3Htjj - § C" c ^ = 0. 



(73) 



(74) 
(75) 



It is straightforward to obtain the critical (in the sense that the power exponent of 
the scale factor is on the boundary to be inflationary) solution with a = 0: 



m + 2 , 2, ,. 1, 

—z—t, V = - In i + - In 

2 c c 



(76) 



5.2. Scalar perturbations 

A tiny perturbation to the exact solution is found to lead to interesting behavior of 
an accelerating phase. Consider a small perturbation around the solution (76). Let 

a = a + a x , ip = ipo + ipi , (77) 

where ao and ipo are given by (76). It follows that the Hubble parameter is 

H = H o + H\, Hq = -, H\ = — — Ho — , (78) 

t a a 
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to the first order approximation. Expanding Eqs. (74) and (75) and keeping first 
order terms only, we get 

6ff #i = Mi ~ f e" c * Vi - 6§h (79) 



^+3^1+3^0 + ^-^0^=0, (80) 

along with 

2t/Wi + — + ^-^1 =0. (81) 
These linear equations are solved with the following solutions 

ai =At n , ip 1 = 1 At n - 1 1 (82) 

where 



These give real solutions only if 



3(1 -n) /m-6 
7 = „ == ' ; n = ±J -. (83) 



m > 6 . (84) 



Note that m = 6 or n = is excluded because it is just a zero mode corresponding 
to time-shift symmetry. There are solutions with eternally accelerating expansion 
when m > 7, although m — 7 is the most interesting case since m = 7 (together 
with our spacctimc 4 dimensions) is precisely the dimension in which M-thcory 
lives. This coincidence suggests that the approach is worth serious consideration. 
For the case m — 7, we have 

11 12 

n= 3'-3 ; 7= 7f'7f (85) 
Examining the n = 1/3 solution we find that 

«i=^ 1/3 ; " = -7^573' (86) 

so this gives positive acceleration for A < 0. However, as time increases, oi grows 
and perturbative expansion is no longer valid. We cannot claim eternally accel- 
erating expansion for this solution without further analysis. The other solution 

n = -1/3, 

a^At- 1 / 3 , «=7T^/3' ( 8? ) 

gives a positive acceleration for A > 0. As time increases, a\ approaches to zero and 
our perturbative calculation remains valid. We find eternally accelerating expan- 
sion for this case. This behavior is also confirmed by numerical evaluation without 
recourse to perturbation. 

For product space compactifications, it is generally difficult to find exact solu- 
tions for the coupled Einstein equations unless the internal space is a product of 
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flat spaces and at most one nontrivial curved space or they all are of the same type. 
It would be interesting to find the exact solution corresponding to the solution wc 
have obtained here with eternally accelerating expansion and see if the inflation is 
further increased at early times and not just at late times. 



6. Cosmologies with exponential potentials 

In Sec. 4.4, we have seen that the cosmological solutions can be analyzed by using 
the effective theories in four dimensions, which typically contains exponential po- 
tentials of scalar fields. This may be regarded as an alternative approach using the 
effective four-dimensional theories. In this section, we briefly discuss this subject. 

The cosmological solutions of the system with a single scalar field can be system- 
atically studied and classified. 50 ' 51 ' 52 The field equations to be studied are Eqs. (74) 
and (75). We define a new time parameter 

dr = e~^dt, (88) 

and set a(t) — e a ( T \ Denoting the derivative with respect to r by a dot, Eqs (74) 
and (75) for hyperbolic internal space reduce to 



i>- ^ 2 + 3atp = f. (90) 
Note that the constant is restricted to the range 

/ 1 Q 

yy>c>%/2, (91) 

for m > 7. When the 4-form flux is included in M-theory, we find from Eq. (69) 
that there appears a potential of the form 

b 2 e~^. (92) 

The range of the coefficient is 

±>1>VU, (93) 

for m > 7. 

For (T = 0, Eq. (89) defines a hyperbola which separates the uo = — 1 and <r = 
+ 1 trajectories. We are interested in the a > branch where we have expanding 
universe. Let us parametrize this branch as 

1 : 1 



a = 



/24^ * n 2 
Equation (90) then becomes 



te+r 1 ), ^=o^-r 1 ), «>o). (94) 



i= \[c + V6+(c-V6)ei (95) 



We are now going to study several cases separately. 
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6.1. c < V6 

In this case (which is within the range (91)), there is a fixed point solution 
Since £ is a constant, Eqs. (94) shows that a and ip are linear in r: 

T C 

a = —j= — = + const., ip = — ■= — — t + const.. (97) 
V 6 — c 2 v 6 — c 2 

We deduce from Eq. (88) that 



t ~ e 2 V^^ , (98) 

and hence 

e^~i 2 / c , a^t 2 ^. (99) 



This is an expanding solution by power law. 
There are two solutions to Eq. (95): 



V6 



„2 



(i) £ = Cotanh7r, (m) £ = £ coth 7r, 7= . (100) 

Only the solution (i) includes £ = 1, hence -0 = 0. This solution undergoes a period 
of accelerating expansion. We find 

cx (cosh 7 T) A -(sinh7T) A +, oc (cosh 7 r) A - (sinh7T)" A + , (101) 

where 

A± = vk~c (I02) 

This solution exhibits a decelerating epoch and then passes through a period of 
acceleration and finally approaches the attractor (99). In case (ii), one has 

cx (cosh 7 T) A +(sinh7T) A -, oc (cosh 7 T)~ A + (sinh7r) A - . (103) 

If c = \/2 is allowed, the power-law solution (99) gives a <~ t with zero accel- 
eration. In this case, the above solution approaching this asymptotically must be 
eternally accelerating solution, which is similar to that found in Sec. 5. 

6.2. c > 

The case for c > y/6 is similar. The solution to Eq. (95) is 

c ( c + VG \\ 

^ = [^7E) T ' w = — (104) 
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where < r < n/2. Eqs. (94) can be integrated to give 

oc (cos ujt) x - (sin wt) a + , cx (cos ur) A ~ (sin wt)~ a + . (105) 

The asymptotic behavior for logt — > ±oo is 

a-W 3 , e^~t ±2 /^. (106) 
There is also a period of acceleration. 

6.3. c = s/6 

We have simply £ = -^r and 

a 3^ T i/2 e l- 2 , e #V^ T -i/2 e f< (107) 

The asymptotic behavior is power-law with logarithmic corrections. 

Solutions with flux in this approach have been discussed in Ref. 53 and general 
discussions are given in Ref. 54. A more systematic method to solve field equations 
by using new variable is discussed in Ref. 55. Power-law solutions of inflationary 
nature with exponential potential is discussed in Ref. 56. 

6.4. Case of multi-scalars 

The cosmological solutions with multi-scalars and hence with multi-exponential po- 
tentials are more involved. Some interesting solutions for this case are obtained in 
Refs. 57, 58, 59, 60. Solutions to exponential potentials with pressureless baryonic 
matter are discussed in Ref. 61. General discussions of attractors and repeller solu- 
tions are given in Refs. 62, to which wc refer the reader for more details. From the 
string theory point of view, it is natural to consider antisymmetric tensors together 
with scalar fields with exponential potential. Solutions for such systems are studied 
and discussed in Ref. 63. Similar system of antisymmetric tensors and scalars is 
investigated in Ref. 64 for generating large four dimensions. 

7. Generalized de Sitter Solutions from Theories with 
Higher-order Terms 

We note that the scale when the acceleration occurs in the time-dependent solutions 
related to S-branes is basically governed by the Planck scale in the higher (ten 
or eleven) dimensions. When dealing with phenomena at such high energy, it is 
expected that we cannot ignore higher order corrections to the lowest Einstein- 
Hilbcrt (EH) term in the theories at least in the early universe. In fact there are 
terms of higher orders in the curvature to the lowest effective supergravity action 
coming from supcrstrings or M-theory. In four dimensions, many studies have been 
done with such correction terms. 4 

The cosmological models in higher dimensions were also studied intensively in 
the 80's by many au thors. 65 ' 66 ' 67 ' 68 ' 69 ' 70 ' 71 Higher order terms in scalar curvature 
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were considered in Refs. 66, 71, 72. In particular, it was shown that these theories 
can be mapped to a gravity system coupled with a scalar field by a conformal 
transformation, 66,71 and hence are very easy to deal with. 

The higher-order curvature terms called Lovelock gravity 73 were also considered 
in higher-dimensional cosmology. 74,75,76 The lowest higher order corrections are ex- 
pected to appear in this form called Gauss-Bonnet (GB) terms which are the special 
combination without ghosts. 77 In fact, it is known that this combination appears 
in the low-energy effective theories of heterotic strings, 78,79 and extensive study of 
these theories was carried out. 67,68 It was shown 68 that there are two exponentially 
expanding solutions, which may be called generalized de Sitter solutions since the 
size of the internal space depends on time (otherwise there is no solution of this 
type). In both solutions, the external space inflates, while the internal space shrinks 
exponentially. (There are also two time-reversed solutions, i.e. the external space 
shrinks exponentially but the internal space inflates.) One solution is stable and 
the other is unstable. Since the present universe is not in the phase of de Sitter 
expansion with this energy scale, we cannot use the stable solution for a realistic 
universe. If we adopt the unstable solution, on the other hand, we may not find 
sufficient inflation unless we fine-tune the initial values. 

However, these powers of scalar curvature or Lovelock gravity are not the types 
of corrections arising in type II superstrings or M-theory. In particular, it is known 
that the coefficient of the GB terms vanishes and the first higher order corrections 
start with R 4 terms (one is the fourth order Lovelock gravity and the other contains 
higher derivatives). 80 Probably due to the complicated nature of these corrections, 
this case was not studied and so it is important to examine how these corrections 
in the fundamental theories modify the above cosmological models and whether we 
can get interesting cosmological scenario with large e-foldings. The solutions to the 
vacuum Einstein equations with these higher order corrections are studied. 15 

Before proceeding to our discussions of these corrected theories, we note that the 
realization of de Sitter solutions in supcrstring theories is notoriously difficult. As 
the no-go theorem indicates, accelerating expansion, which is typical of de Sitter 
solutions, cannot be obtained at the stationary minima in superstring or super- 
gravity theories. Various attempts to avoid this theorem are made by considering 
warped solutions for noncompact gauged supergravities, 81 by including hypermulti- 
plet in gauged supergravities, 82 or by including nonperturbative effects in heterotic 
M-theory. 83 Note that most of these attempts require corrections to the lowest 
supergravity theories. We shall show that the quantum corrections in M-theory 
and type II superstrings mentioned above also give generalized de Sitter solutions 
without adding anything special. One thing worth mentioning is that this class of 
solutions do not exist if we keep the size of the internal space constant, reminiscent 
of the no-go theorem. Moreover this de Sitter phase decays after some period of 
inflation because of the small instability in the solutions. This is a very interesting 
mechanism to end the inflation naturally. 

We consider the low-energy effective action for the superstrings and/or M- 
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theory: 
where 



S = Seh + Sgb + Si + Ss, (108) 



S EH = 2^2" / d D x^R, (109) 
Sgb = t^t I d D x^—g G, (110) 



2k d 



S t = / ,l D .r V -nEs. (HI) 

S s = 7^T I d D x^J . (112) 



2«b 



B„ — a/37Atl^l..-M4^4, DPlCTl . . . fll^ 

2 4 X 3! fc a/37pi<Ti...p4CT 4 -n- -n, /j 4 z/ 4 , l.J-J-'j; 

= R x>iVK RanufjRx 1 " 7 " R 13 pan + -R Xk ^ 1 ' Rap^uRx 1 * 7 " R 11 ' pc , K . (114) 

Here we have dropped contributions from forms, n 2 D is a D-dimcnsional gravita- 
tional constant. For the heterotic string, the leading correction is given by the GB 
terms with the coefficient: 78 ' 79 

a = \a', (115) 

if we keep the dilaton constant, where a' is the Regge slope parameter. For the M- 
theory in 11 dimensions, the coefficient for the GB terms a vanishes, so we should 
consider forth order terms with the coefficients: 80 

P 3 2 x 2 9 x (2ir) 4 ' 7 3 x 2 4 x (2tt) 4 ' 1 J 

where T2 = (27r 2 / '^ii) 1 / 3 is the membrane tension. Type II superstring has the 
same couplings in 10 dimensions, so we can discuss this case if we keep the dilaton 
field constant, but we consider 11D theory in this paper. Here we should note that 
contributions of the Ricci tensor R^ u and scalar curvature R are not included in 
the fourth-order corrections (112) because these terms are not uniquely fixed. 

Since we are interested in a cosmological time-dependent solution, we take the 
metric of our spacetime as 

ds 2 u = ~e 2u °^dt 2 + e 2u ^ J2(dx*) 2 + e 2 " 2 « f>j/ a ) 2 , (117) 

i—l a— 5 

where we assume that the external 3-space and the internal 7-space are flat. Tak- 
ing variation of the action with respect to Ho, u\, and we obtain three basic 
equations, whose explicit forms are summarized in Appendix. 
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7.1. Generalized de Sitter Solutions 

In cosmology, de Sitter inflationary expanding spacetime is the most interesting 
solution in the early universe. We study such solutions to the M-theory with higher 
order corrections with a = and other coefficients given in (116). 15 We can also 
consider EH theory with corrections of GB term, but these solutions are already 
known. 68 Extensive study of the generalized de Sitter and power-law solutions is 
also made for the external and internal spaces with nontrivial curvatures and more 
inflationary solutions are found, 16 but here we discuss only flat spaces. 
Assuming the metric form of a generalized de Sitter spacetime as 



ItQ = 0, U\ = fit, U2 = ft, 



(118) 



where /i and v are some constants, wc obtain three algebraic equations from the 
general field equations given in Appendix: 



a 2 + 7av + 7v 2 + 20160/3^ 5 



7/i 2 + 7av + V 



-77 



12/ + 7f?v 2 {a 2 + v 2 + avf + 168z/ 8 + 7/iV(2// + v) 2 + 2\a 2 v A {a + 2vf 



= 0, 



(119) 



+4 7 (3^ + 7v) 6/j 7 + 42z/ 7 + 7u 2 v 2 (a + u)(a 2 + v 2 + av) 
3fi 2 + lAuv + 28is 2 + 20160/3^ 5 [6^ 3 + 2Aa 2 v + lAuv 2 + v 3 

+3 7 [l2/ + 7^V(/i 2 + v 2 + av) 2 + 168z/ 8 + 7(i 4 is 2 (2(i + v) 2 + 2\a 2 v A {a + 2v) 2 
-2ju(3fi + 7v) 48m 6 + 7v 2 {ZfL 2 + 2ftv + v 2 )(ft 2 + v 2 + av) 

+ Uu 2 v 2 (2u + v)(3fi + v) + 42z/ 4 (/i + 2u)(u + v) 



+27^(3^ + 7v) 2 12fi 5 + 7v 2 {n + is)(/j, 2 + v 2 + av) 



2u 2 + Qftv + 7v 2 + 2880/3^ 4 



0, 



(120) 



15/x 3 + 46/z 2 f + 38/iv 2 + 6z/ 3 
-j\l2u s + 7[i 2 v 2 {a 2 + v 2 + av) 2 + 168i/ 8 + 7^v 2 {2a + v) 2 + 2\a 2 v 4 (a + 2v) 2 
-2^v(Za + 7v) 96i^ 6 + ft 2 {ft 2 + 2av + 3v 2 ){u 2 + v 2 + av) 

+ 2u 4 (2u + v)(u + v) + 6u 2 v 2 (u + 2v)(u + 3v) 



+2-fu{ia + 7v) 2 I2v 5 + n 2 (a + u)(a 2 + v 2 + av) 



= 0. 



(121) 



Since these equations are very complicated, we have solved them numerically. 
Rescaling (i, 7, fi and v as 

P = P/h\ , 7 = 7/l7l (= 1 or - 1) , ~a = M | 7 | 1/6 , and v = u^ 1 ^ , (122) 

we can always set 7 to —1. We also have to rescale time coordinate as i = |7|~ 1//6 i. 
The typical dynamical time scale is then given by | 7 |V6 _ 0. 1818187^, where 
mn = K ii 2 ^ 9 i s the fundamental Planck scale. After this scaling, we have only 
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one free parameter (3. We find that M-theory (7 = —1,(3 = (3s = — 1/(3 x 2 5 ) w 
-0.0104167) has three solutions 

N 2 (A2,£ 2 ) - (0.40731,0.40731), 

N 3 (A 3 ,^3) = (0.79683,0.10793), (123) 
N 4 (A4,i'4) = (0.55570,0.34253), 

and their time-reversed solutions N-(/2-,t>-) (i = 2 ~ 4) obtained by {jx'^v'j) = 
— (jli, Vi). Other possible solutions for various values of (3 and 7 are given in Rcf. 15. 

7.2. Stability 

Since the solutions obtained above correspond to fixed points in our dynamical 
system, we can see which solutions are more generic by looking at their stabilities. 
A linear perturbation analysis around those fixed points was carried out. 15 Setting 

< ^=j li + A i e° i , = « + (124) 

at at 

where \Ai\, \Bi\ <C 1, the perturbation equations are written down. There are five 
modes {a — Oa\ a = 1,2, •••,5). The M-theory has three solutions (123). Two 
solutions (N 2 and N 3 ) have four stable and one unstable modes. The third solution 
(N 4 ) has five stable modes, which means that this solution is stable against linear 
perturbations. 

Which of these solutions is most desirable? We want a solution to be rather 
generic which requires some sort of stability with natural mechanism of ending 
inflation. This would be achieved if the solution contains many stable as well as tiny 
unstable modes. Then the spacetime may first approach this solution for wide range 
of initial conditions and gradually leave it due to the tiny instability, recovering 
the present Friedmann universe, where we expect the higher order terms become 
irrelevant. The solution N 3 may give one possible candidate for such a model. 

7.3. A Scenario for Large Extra Dimensions 

For the interesting solution N 3 (/2 3 , v 3 ) = (0.79683, 0.10793) with (3 = /3 S , the scale 
factor of the external space expands as e - 79683 *. A successful inflation (resolution 
of flatness and horizon problems) requires at least 60 c-foldings. We assume that 
inflation ends after 60 e-foldings, i.e. 0.79683i e nd ~ 60 due to the unstable mode. 
During inflation the internal space also expands exponentially and its scale becomes 
e o.io793t c „d ~ 4000 times larger than the initial scale length, which we assume to 
be the 11D Planck length (mT^ 1 ). The present radius of extra dimensions is then 
estimated as Rq ~ 4000™^. This gives us a model of large extra dimensions. 84 
The 4D Planck mass is given by 



ml - i^m?! - 1.6 x 10 25 m^. 



(125) 



1, 2008 19:45 WSPC/Guidelines-IJMPA inflation 



Accelerating Cosmologies and Inflation from M / Super string Theories 27 

We then find 

mn ~ 2.5 x 10~ 13 m 4 ~ 600TeV . (126) 

This is our fundamental energy scale. The present scale of extra dimensions is 
4000TOJJ 1 ~ 7 TcV~ 1 , which could be observed in the accelerators of next generation. 

By putting the argument in a opposite way, we find that this solution gives 
a natural explanation why the e-folding becomes of the order 60. First suppose 
that the e-folding of inflation is N. The 3-space expands as e N — e' lt< " ,d , while the 
internal space becomes e ly * ond times larger. It follows from Eq. (125) that 

m n ~ e~% N m 4 . (127) 

Since mn > 1 TeV from the present experiments, we have a constraint on the e- 
folding as N < 10/x/za Then if we have TeV gravity and [i > 6v(> 0), this naturally 
explain why the e-folding of inflation is about 60 and but not so large. Here it 
is important to note that the solution N 3 with 7 < gives 5.72 < fi/u < 10.22 
(corresponding to 57 < N < 102) for any value of (5. 

Although the above solution N3 has one unstable mode, its eigenvalue is of the 
same order of magnitude as other eigenvalues of stable modes and is a little too 
large to give enough expansion. It is desirable that the eigenvalue of the unstable 
mode is much smaller than those of other four stable modes for obtaining large 
c-folding. The question is if this is possible within this framework of M-theory. 

Our starting Lagrangian has ambiguity in the fourth-order correction terms, 
which are fixed up to the Ricci and scalar curvature tensors. The effect of the 
ambiguous Ricci and scalar curvature tensors will modify the basic equations. As- 
suming that this can be taken into account by changing the value of the coefficient 
/?, such a desirable solution is searched for. An interesting solution is found for 
(3 = —0.2025, for which four modes are stable and the eigenvalue of one unstable 

(3) 

mode is very small, i.e. <7g ' = 0.01217. Similar estimate of the size of the extra 
dimensions then gives again a few TeV, resulting in TeV gravity. 

There are several bounds on the allowed size of the extra dimensions from super- 
nova 1987A cooling, 85 ' 86,87 from graviton decay into diffuse gamma radiation, 88 or 
from collider experiments. 90 All these indicate that the size of the extra dimensions 
should be greater than a few TeV, which is barely of the same order of magni- 
tude as the above results. So the extra dimensions might be discovered in the next 
generation of accelerators or further study of astronomical constraints. 

If we consider external and internal spaces with nontrivial curvatures, it has been 
found that there are several more interesting solutions which can give inflationary 
solutions in the Einstein frame in four dimensions. 16 There not only exact solutions 
to the basic equations with higher order corrections but also asymptotic past and 
future solutions are exhausted for generalized de Sitter and power-law solutions. 
The past asymptotic solutions are useful for describing inflations at early time 
whereas the future one for understanding accelerating cosmologies at the present 
time. Cosmological models based on these are under study 89 and this approach is 
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expected to lead to further interesting models with large e-foldings for the inflation 
at early epoch of our universe as well as the present accelerating universe. 

Whatever modifications we make to improve some problems or other in these 
solutions, the emerging common feature of these solutions is that the size of the 
extra dimensions are large and the value of eleven-dimensional Planck mass is small. 
What do they mean? They mean that when we make experiments beyond the size 
of extra dimensions or energy of a few TeV, we begin to see new dimensions open 
up and strong gravitational effects in higher dimensions set in. There we may have 
effects of strong gravitational fields and black holes, and have to take full quantum 
gravity effects into account to understand phenomena at this energy scale. 91,92 Or 
we can probe how the quantum gravity behaves there. This is a very interesting 
possibility. 

Although we find a successful exponential expansion and its natural end in 
this simple setting without introducing any artificial objects into M-theory, this is 
not enough for a successful inflation. We need a reheating mechanism and have to 
create a density fluctuation as a seed of cosmic structure. A possible mechanism of 
reheating is the gravitational particle creation, 93 because the background spacetime 
is time dependent and this might have some oscillation when the internal space 
settles down to static one which is required to explain our present universe. As for 
a density perturbation, our model may not give a good scenario because our energy 
scale is | — ^ | 1 / s ^ 5mn <~ 4 TeV. We have to use other mechanism for density 
perturbations such as a curvaton model. 9 These are the problems left for future 
study. 

8. Other approaches to accelerating universe 

The no-go theorem states that no smooth classical compactification of M-theory 
leads to an accelerating universe. However there are several assumptions in deriving 
this claim as discussed in Sec. 2.3, so there is a possibility to avoid this theorem if 
any one of them is violated. The approaches using time-dependent internal spaces 
and higher order corrections are already discussed. Here we summarize several other 
attempts in this direction. 

It has been argued that Type II* string theories, which are obtained from time- 
like duality, have Euclidean branes which have de Sitter space in the near-horizon 
limit. 95 A possible problem is how to make sense of the Type II* theories because 
their low-energy effective theories contain higher derivative terms and wrong sign ki- 
netic terms arising from the timelike duality. This is similar to what is called "phan- 
tom cosmology." 96,97 The recent idea to combine such ghost and higher derivative 
terms to stabilize a theory could be put in this context. 98 

A compactification of M-theory on a classically singular manifold like a line 
of finite length is another way to avoid the theorem due to the existence of the 
singularity in the manifold. By including extra stringy states like wrapped branes, 
a smooth low-energy action was derived despite the singularity, and it has been 
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shown that exciting such extra states leads to a period of accelerated expansion, 54 
but it seems difficult to obtain enough c-foldings since the duration of the expansion 
is typically short. 

Asymmetric orientifold is also used to construct de Sitter vacua." It was argued 
that it is possible to stabilize all the moduli at a positive extremum of the potential 
by turning on fluxes in such models. This shares many features with the recent 
discussions of flux compactification. 100 

Many light moduli fields are generated in these string compactifications. The 
problem is that these fields are difficult to stabilize and tend to be runaway which 
leads to decompactification to 10 dimensions. In the flux compactification, it is 
argued that they can be stabilized by turning on fluxes on the compactification 
manifolds. The argument is that nonperturbative effects generate potentials which 
stabilize such a runaway at supcrsymmctric cxtrcma. Similar discussion is given 
in Ref. 103 using dimensionally reduced theories with scalars and antisymmetric 
tensors. But this is not enough to get a de Sitter vacuum because all supersymmetric 
vacua are in anti-de Sitter. We have to break supersymmetry but simple breaking of 
supersymmetry is not good enough since it will lead to big cosmological constant. 
It was argued that by adding an anti-D3 brane, supersymmetry can be broken in 
a controllable way and we can get metastable de Sitter vacuum. 100 ' 101 However 
constructing an explicit example of this sort is difficult and no successful scenario 
has been given. There are lots of efforts to improve this and it is possible that more 
promising scenario will be given. Possible modifications are proposed by considering 
Dirac-Born-Infeld action with higher-derivative terms which enforce the slow roll 
of the scalar fields. 102 

Variants of the higher order corrections discussed above were also considered 
with negative power of the scalar curvature and/or mixed system with positive 
powers for the purpose of generating the present accelerating cosmologies and 
inflation. 104 ' 105,106 Though this is certainly possible in this modified theory, this 
modification gives rise to the change of the gravitational law at low curvature and 
simple models are in conflict with solar system tests of gravity. 107 Ricci curvature 
squared is also considered with the results of accelerating cosmology. 108 Another 
common problem with these proposals is that the origin of such terms is not clear. 

Some other attempts to derive accelerating cosmologies in higher-dimensional 
Kaluza-Klein theories includes Refs. 109, 110 with exotic matter. Also systematic 
methods to find time-dependent solutions in these theories are developed using 
group theoretic method 111 or extending the solution space such that the cosmolog- 
ical solutions are geodesic motion in that space, 112 and they may be useful to find 
interesting solutions. 

Theories with large number of scalar fields are also considered. 113 This is moti- 
vated from the fact that in superstring theories there are a large number of scalar 
fields. Consistency with cosmic microwave background data suggests that the the- 
ory should have some symmetry to avoid excessive isocurvature perturbations. Thus 
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theories with SO(N) symmetry is studied and it is found that the spectrum of fluc- 
tuations are different from single inflaton case. 

9. Conclusions 

In this paper we have reviewed recent progress in the accelerating cosmologies and 
inflationary solutions in superstrings or supergravities. The main focus is our time- 
dependent solutions based on S-brane solutions in M-theory and superstrings with 
and without higher order corrections, but we have also mentioned several other 
approaches discussed actively. There are so many directions and literature that we 
cannot cover all of them. Since the superstring theories or M-thcory is supposed to 
give the quantum theory of gravity, any attempts to give inflation and the present 
accelerating expansion of our universe should eventually be made in these theories. 
Then how to avoid the no-go theorem is the main first step to get such solutions. 

Our approach using the S-brane solutions is based on the violation of the as- 
sumption of time-independence of the size of internal space. We have also shown 
that the higher order corrections can produce interesting inflationary solutions. The 
common feature obtained in these solutions is that the size of extra dimensions are 
rather large of the order of TeV. Future experiments probing this energy scale might 
show anomalous behaviors related to strong gravitational interactions. 

The solutions reviewed here have the virtue that they are the solutions of simple 
systems without introducing branes or other objects. Any scenario involving such 
objects would need explanations why such configurations are prepared, but it may 
be difficult to explain it naturally. The solutions discussed here are natural in the 
sense not only that they are simply the solutions to the field equations of the 
fundamental theories without no other input, but also that, as we have shown 
for solutions in M-theory with fourth-order corrections, general solutions tend to 
converge the (quasi)stable solutions for wide range of initial conditions. This class 
of solutions are also interesting in that they have inherent mechanism of ending 
inflation; they eventually decays due to the tiny instability. 

These are the desirable properties, but there also remain some problems (not 
difficulties) to be studied further. We need a mechanism of keeping the size of the 
internal space for the S-brane solutions. How to derive reheating and create density 
fluctuation are the problems that should be studied. We hope that this review 
may stimulate further study of these approaches to accelerating cosmologies and 
inflation in the context of superstring theories and M-theory. 
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Appendix A. Explicit form of the equations 

Here we give general field equations in the theories with higher order corrections 
for the metric similar to (117), but slightly generalized to p-dimensional external 
and g-dimensional internal spaces with nontrivial curvatures whose signatures are 
denoted by a p and a qi respectively. The action with higher order corrections (108) 
takes the form 114 



- 167TG J d XC 



Pl a p e 2u *- 2u i + qi cr q 



- { Pl u 2 + gi u 2 2 + 2pqu 1 u 2 y- 2ua+2u *\ , (A.l) 
5* GB - J d p+1 x e -«o+P«i+(9-2)« 2 j p3CT 2 e 2 U0 -4« 1+ 2 U2 + 2p iqi a p a q e 2u «- 2ui 

+q 3 a 2 e 2uo - 2u * - 2q 1 a q {p l u\ + 2p(q - 2)«iU2 + (q - 2) 3 u 2 } 
- 2 Pl a p {{p - 2) 3 u 2 + 2q(p - 2)u 2 u 1 + q x u 2 ^ U ^ 2ui 
- \\vzu\ + Aqp 2 u\u 2 + &p iqi u\u 2 2 + 4pq 2 uiul + 93^2} e - 2uo+2u ^ , (A.2) 
f d i +Px V & - p - q - e-^^ 

J a 2^k\(8-k)\(p-8 + ky.(q-k)V [A - 6) 



16nG „ 

k=0 

Ss = 77-^ / d 1+p x 7 e - 7uo+pUl+qU2 \ P iX 2 {X + 2(uj + a p e 2u °- 2ui )} 2 
167rG J L 

+ qi Y 2 {Y + 2(u 2 + <j q e 2u °- 2u2 )} 2 + 2pq{XY + (X + Y)u!U 2 } 2 
+ 3p 2 (u 2 + cr p e 2u «- 2 ^) 4 + 3q 2 (u 2 + a q e 2u °- 2u *) 4 
+ Piq{uiu 2 + 2(uj + a p e 2u «- 2 ^)} 2 u 2 u 2 

+ pgi{«i« 2 + 2(u 2 2 + cr q e 2u "- 2u2 )} 2 ujul\ , (A.4) 

where S4 is given only for a p = a q = case but others are for general case, and we 
use the following notation throughout this paper: 

(p - m) n = {p- m)(p -m - l)(p - m - 2) ■ ■ ■ (p - n), 
(q - m) n = {q- m)(q - to - l)(q - m - 2) • • • (q - n), 
A p = ii\ + <j p e 2{u *-^\ A q = u 2 2 + a q e 2{u "- U2 \ 
X = Hi — uqUi + ii 2 , Y = u 2 — m m 2 + u 2 . (A. 5) 

From the variation of the total action (108) with respect to u ,ui and u 2 , we 
find three basic field equations for general case with nonvanishing curvature: 16 



F = J2Fn + F s = 0, (A.6) 

n=l 

F ( P ) s £ / W + 9 (A X+ (f^ htf) Y + F^=0, (A.7) 



n— 1 \n— 1 / \n— 1 
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F<«> = £ /<«> + f E ffW) y + f £ h$A X + F^=0, (A.8) 

71=1 \n=l / \n=l / 

where each terms are summarized below. 
(1) EH action 
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(A.15) 



(2) GB action 

F 2 = ae~ 3u "[p 3 A 2 p + 2p iqi A p A q + q 3 A\ + 4u x u 2 {p 2 qA p + pq 2 A q ) 

+ 4p 1 q 1 iilul}, (A. 16) 
/ 2 (p) = ae- 3u ° [(p - l) 4 A 2 p + 2(p - l) m A p A q + q 3 A 2 q 

+ 4miu 2 ((p - \) 3 qA p + (p - l)g 2 A,) + 4 (P - l)2«i«i«2] . ( A - 17 ) 
/ 2 (9) - ae- 3110 [(g - 1M2 + 2(g - l) 2Pl A p A q + p 3 A 2 p 

+ 4uiw 2 ((<? - 1) 3 H + (9 - l)P2i4„) + 4(g - l) 2Pl u\u\] , (A.18) 

g 2 p) = 4(p - l)ae~ 3ti0 [(p - 2) 3 A p + gi A, + 2(p - 2)gtii« 2 ] , (A.19) 

g 2 q) = 4(g - l)ae- 3 " [(g - 2) 3 A 9 + Pl A p + 2(g - 2)pu 1 u 2 ] , (A.20) 

h { 2 p) = Aqae- 3uo [(p - l) 2 A p + (g - 1) 2 A, + 2(p - l)(q - l)«i« 2 ] , (A.21) 

4 9) = 4p ae - 3 " [(g-l) 2 A 9 + (p-l) 2 A p + 2(p-l)(g-l)u 1? z 2 ]. (A.22) 

(3) Lovelock action 

F 4 = I3e~ 7u ° [ P7 A A p + 4p 5qi A 3 p A q + 6p 3 q 3 A 2 p A 2 q + 4 Pl q 5 A p A q + q 7 A q 

+8u 1 u 2 (p 6 qA 3 p + 3 Pi q 2 A 2 p A q + 3p 2qi A p A 2 q + pqsA 3 q ) + 2Au 2 l u 2 2 {p 5 q 1 A 2 p 

+2p 3 q 3 A p A q + Pl q 5 A 2 q ) + 32u 3 u 3 (p 4 q 2 A p + p 2 q 4 A q ) + l&p 3 q 3 u\uf\ , (A.23) 

= p e - 7u " [(p - 1) 8 A* + 4(p - l^gi^A, + 6(p - l) iq3 A 2 } A 2 q 

+4(p - 1) 2 «bA>^ + q 7 A q + 8inu 2 ((p - l) 7 gA 3 + 3(p - \) h q 2 A 2 p A q 
+3(p - 1)394^,^ + (p - l)g 6 ^) + 24u?u^ ((p - l) 6 gi^ 
+2(p - l) A q s A p A q + (p- l) 2 q 5 A 2 q ) 

+32u 3 u 3 ((p - l) 5 q 2 A p + (p - l) 3 q A A q ) + 16(p - l) A q 3 u\u 4 2 ] , (A.24) 
f { 4 q) = /3e- 7 " [(g - 1) 8 ^ + 4(g - l) 6Pl A 3 q A p + 6(g - \)^A%A\ 

+4(g - l) 2 p 5 A 9 A 3 + p 7 ^ + 8wiu 2 ((g - l) 7 pA 3 + 3(g - l) 5 p 2 ^^ P 



1, 2008 19:45 WSPC/Guidelines-IJMPA inflation 



Accelerating Cosmologies and Inflation from M/Superstring Theories 33 



l)«Pl^ 



9^ 



9? 



+3(g - l) 3 PiA q A 2 p + (g - l)p 6 A 3 p ) + 2±u\u\ ((g 
+2(q - l) 4P3 A p A q + (q- l) 2 p 5 A 2 p ) 

+32u 3 ii 3 {{q - l) 5P2 A q + {q- l) 3 p 4 A p ) + 16(g - l) iP7i u\u\} , (A.25) 
8(p - l)/3e- 7 " [(p - 2) 7 4 + 3(p - 2) 5 gi^A g + 3(p - 2) 3 q 3 A p A 2 q + q 5 A 3 q 
+6uiu 2 ((p - 2) 6 qA 2 p + 2(p - 2) 4 g 2 AA + (p - 2)g 4 A*) 
+12«?^ ((p - 2) 59l A p + (p - 2) 3 g 3 A 9 ) + 8(p - 2) A q 2 u\ul] , (A.26) 
8(q - l)/3e- 7 " [(g - 2) 7 A\ + 3(g - 2) 6 pi + 3(g - 2) 3 p 3 4^ + p 5 ^ 
+6uiu 2 ((g - 2) 6 pA 2 q + 2(q - 2) 4 p 2 A p A q + (q - 2) Pi A 2 p ) 



+12u 2 u 2 ((g - 

8qf3e- 7uo [(p - 



2) 6 Pi4, 

1)6^4 



+ (g - 2) 3P3 A p ) + 8( 
3(p-l) 4 (g- iMpA, + 3(p 



2) 4 p 2 U?M2] 



(A.27) 



1) 2 («- iMp^a 



+(g - 1) 6 ^ + 6uiu 2 ((p - l) 5 (g - l)A 2 p + 2(p - l) 3 (g - l) 3 A p A g 

l) 4 (g-l) 2 ,4 p + (p-l) 2 (g- 



1)4^) 

(A.28) 



+(p-l)(g-l) 6 ^)+12u^((p 
+8(p-l) 3 (g-l)3«i^] , 

8p/3e- 7uo [(g - 1) 6 ^ + 3(g - l) 4 (p - l) 2 ^A p + 3(g - l) 2 (p 
+(p - 1) 6 4 + 6«!U 2 ((g - l) 5 (p - + 2 (p - l) 3 (g - l) 3 A p yL 9 

l) 2 (p-l) 4 A p ) 



l)4A q A 2 



+(g - l)(p - l) 5 A 2 p ) + \2u\u\ ((g - l) 4 (p - 1) 2 A 9 + (g 



+8(p-l) 3 (g 
(4) Ss action 

F s = -fe 



l) 3 ulu 3 2 



(A.29) 
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p 
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dL 4 
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din J dt 2 \ dX 



dL 4 \ <P_ ( dh 4 
lHl 2 ') + dt 2 VW 



(A.30) 



(A.31) 



,(A.32) 



where 
Li 



e - 7uo + pul +au 2 [ piX 2 (x + 2A p f + qi Y 2 (Y + 2A q ) 2 + 3p 2 A p + 3q 2 A q 
+ 2pq(XY + (X + F)uiM 2 ) 2 +p 1 quliil(u 1 u 2 + 2A p ) 2 



+ pgiM 1 w 2 ('UiM 2 + 2A q ) 



(A.33) 



dL 4 _ 

~dx= Ape 



7u +pu 1 +qu 2 



[( P -l)X(X + A p )(X + 2A p ) 
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+ q(Y + uiu 2 )(Xy + (X + Y)uxu 2 )] , (A.34) 

dY 



+ p(X + inii^XY +(X + *>!U 2 )] , (A.35) 
4p 1 e- 7uo+pul+ ' JM2 [X 2 (X + 2A p ) + 3(p - 2)A 3 p 

+ qu\u 2 2 {uiu 2 + 2A P )] , (A.36) 



diii 



dii 2 



+ pu\u\(ii x u 2 + 2A q )] , (A.37) 
Apq e - 7 «o+P«i+9«2 {l2 ^ x + Y )(XY + {X + Y)u x u 2 ) 
+ (p - l)uiii2{u\U2 + A p )(uiii 2 + 2A P ) 

+ (q - l)«iU2(ui«2 + Ai)(«i«2 + 24,)] , (A.38) 

4 Pq e - 7ua+pui+qU2 «! [(x + y)(jy + (a + y)ui« 2 ) 

+ (p - 1)uiu 2 (miu 2 + A p )(wiu 2 + 2A P ) 

+ (q - l)uiu 2 (uiU2 + A q ){uiu 2 + 2A q )] . (A.39) 



Since uq is a gauge freedom of time coordinate, we have three equations (A. 6) - 
(A. 8) for two variables u\ and u 2 . It looks like an over-determinant system. However, 
these three equations are not independent since the following relation is valid: 

F + (pin + qii 2 - Uq)F = + qii 2 F {q) . (A.40) 

If F = and = (or F^ = 0), we obtain ii 2 F^ = (or i^F^ = 0), since 
F = is a constraint equation and its time derivative also vanishes. However, if we 
have only F^ = and F^ = 0, F = is not necessarily obeyed. As mentioned 
above, this is because F = is a constraint equation, while F^ = and F^ = 
are dynamical equations. To satisfy the constraint equation, we must impose the 
initial condition. Consequently, we can solve the two equations F = and F^ = 
(or F^ = 0) instead of trying to solve all three equations. 
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